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SEMISTABLE HIGGS BUNDLES OVER COMPACT GAUDUCHON
MANIFOLDS
YANCI NIE AND XI ZHANG
Abstract. In this paper, we consider the existence of approximate Hermitian-Einstein struc-
ture and the semi-stability on Higgs bundles over compact Gauduchon manifolds. By using the
continuity method, we show that they are equivalent.
1. introduction
Let X be an n-dimensional compact complex manifold and g be a Hermitian metric with
associated Ka¨hler form ω. g is called to be Gauduchon if ω satisfies ∂∂ωn−1 = 0. It has been
proved by Gauduchon that if X is compact, there exists a Gauduchon metric ([13]) in the
conformal class of every Hermitian metric g. In the following, we assume ω is Gauduchon.
Let (L, h) be a Hermitian line bundle over X. The ω-degree of L is defined by
degω(L) :=
∫
X
c1(L,Ah) ∧ ω
n−1
(n− 1)! ,
where c1(L,Ah) is the first Chern form of L associated with the induced Chern connection Ah.
Since ∂∂ωn−1 = 0, degω(L) is well defined and independent of the choice of metric h ([24, p. 34-
35]). Now given a rank s coherent analytic sheaf F , we consider the determinant line bundle
detF = (∧sF)∗∗. Define the ω-degree of F by
degω(F) := degω(detF).
If F is non-trivial and torsion free, the ω-slope of F is defined by
µω(F) = degω(F)
rank(F) .
Let (E, ∂E) be a holomorphic vector bundle over X. We say E is ω-stable (ω-semi-stable) in
the sense of Mumford-Takemoto if for every proper coherent sub-sheaf F →֒ E, there holds
µω(F) < µω(E)(µω(F) ≤ µω(E)).
A Hermitian metric H on E is said to be ω-Hermitian-Einstein if the Chern curvature FH
satisfies the Einstein condition √−1ΛωFH = λ · IdE,
where λ =
2πµω(E)
V ol(X)
.When the Ka¨hler form is understood, we omit the subscript ω in the above
definitions.
The Donaldson-Uhlernbeck-Yau theorem states that holomorphic vector bundles admit Hermitian-
Einstein metrics if they are stable. It was proved by Narasimhan and Seshadri in [26] for compact
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Riemann surface case, by Donaldson in [10, 11] for algebraic manifolds and by Uhlenbeck and
Yau in [28, 29] for general compact Ka¨hler manifolds. The inverse problem that a holomor-
phic bundle admitting such a metric must be poly-stable( i.e. a direct sum of stable bundles
with the same slope) was solved by Kobayashi [17] and Lu¨bke [23] independently. Actually,
this is the well-known Hitchin-Kobayashi correspondence for holomorphic vector bundles over
compact Ka¨hler manifolds. This correspondence is also valid for compact Gauduchon manifolds
[8, 21, 24]. There are many other interesting generalized Hitchin-Kobayashi correspondences
(see the references [1–5, 12, 14, 16, 19, 20, 27] for details).
A Higgs vector bundle (E, ∂E, φ) over X is a holomorphic vector bundle (E, ∂E) together with
a Higgs field φ ∈ Ω1,0X (End(E)) satisfying ∂Eφ = 0 and φ ∧ φ = 0. Higgs bundle was introduced
by Hitchin [14] in his study of self dual equations on a Riemann surface, and studied by Simpson
[27] in his work on nonabelian Hodge theory. It has a rich structure and plays an important
role in many areas including gauge theory, Ka¨hler geometry and hyperka¨hler geometry, group
representations and non-abelian Hodge theory. A Higgs bundle (E, ∂E, φ) is stable(resp. semi-
stable) if µ(F) < µ(E)(resp. µ(F) ≤ µ(E)) for every proper φ-invariant coherent subsheaf F of
E.
Given a Hermitian metric H on a Higgs bundle, we consider the Hitchin-Simpson connection
([27])
DH,∂E ,φ = DH,∂E + φ+ φ
∗H ,
where DH,∂E is the Chern connection, and φ
∗H is the adjoint of φ with respect to the metric H.
The curvature of this connection is
FH,∂E ,φ = FH + [φ, φ
∗H ] + ∂Hφ+ ∂Eφ
∗H ,
where FH is the curvature of the Chern connection DH,∂E . A Hermitian metric H on Higgs
bundle (E, ∂E, φ) is said to be Hermitian-Einstein if the curvature FH,∂E ,φ satisfies
√−1ΛωFH,∂E ,φ =
√−1Λω(FH + [φ, φ∗H ]) = λIdE .
Hitchin [14] and Simpson [27] proved that a Higgs bundle is poly-stable if and only if it admits
a Hermitian-Einstein structure. This is a Higgs bundle version of the classical Hitchin-Kobayashi
correspondence.
A Higgs bundle is said to be admitting an approximate Hermitian-Einstein structure, if for
∀ε > 0, there exists a Hermitian metric Hε such that
max
X
| √−1Λω(FHε + [φ, φ∗Hε ])− λ · IdE |Hε< ε.
Kobayashi([18]) introduced this notion in a holomorphic vector bundle (i.e. φ = 0). He
proved that over a compact Ka¨hler manifold, a holomorphic vector bundle admitting such a
structure structure must be semi-stable. In [7], Bruzzo and Gran˜a Otero generalized the above
result to Higgs bundles. When X is projective, Kobayashi [18] solved the inverse part that a
semi-stable holomorphic vector bundle must admit an approximate Hermitian-Einstein structure
and conjectured that this should be true for general Ka¨hler manifolds. This was confirmed in
[9, 15, 22].
In this paper, we are interested in the existence of approximate Hermitian-Einstein structures
on Higgs bundles over compact Gauduchon manifolds. In fact, we prove that:
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Theorem 1.1. Let (X,ω) be an n-dimensional compact Gauduchon manifold and (E, ∂E , φ)
be a rank r Higgs bundle over X. Then (E, ∂E, φ) is semi-stable if and only if it admits an
approximate Hermitian-Einstein structure.
Now we give an overview of our proof. The difficult part of Theorem 1.1 is to prove the exis-
tence of approximate Hermitian-Einstein structure. In the Ka¨hler case, by using the Donaldson
heat flow, Li and Zhang ([22]) showed that the semi-stability implies admitting an approximate
Hermitian-Einstein structure. Their proof relies on the properties of the Donaldson functional.
However, the Donaldson functional is not well-defined if ω is only Gauduchon. So Li and Zhang’s
argument can not be generalized to Gauduchon manifold case directly. In this paper, we use
the continuity method to prove the existence. Fixed a proper background Hermitian metric H0
on E, we consider the following perturbed equation
(1.1) Lε(f) := KH − λIdE + ε log f = 0, ε ∈ (0, 1],
where KH =
√−1ΛωFH,∂E ,φ = KH +
√−1Λω[φ, φ∗H ] and f = H−10 ·H. It is obvious that f and
log f are self adjoint with respect to H0 and H. By the results of Lu¨bke and Teleman in [24, 25],
(1.1) is solvable for ∀ε ∈ (0, 1]. Under the assumption of semi-stability, we can show that
(1.2) lim
ε→0
εmax
X
| log fε |H0= 0.
This implies that max
X
| KHε − λ · IdE |Hε converges to zero as ε → 0 (see Theorem 3.2 for
details).
This article is organised as below. In Sect.2, we present some basic estimates for the perturbed
equation (1.1). In Sect.3, we prove Theorem 1.1 in detail.
2. Preliminary
Let (E, ∂E , φ) be a Higgs bundle over X and H be a Hermitian metric on E. Set
Herm(E,H) = {η ∈ End(E) | η∗H = η}
and
Herm+(E,H) = {ρ ∈ Herm(E,H) | Hρ is positive definite}.
Suppose f ∈ Herm+(E,H0) is a solution of the equation (1.1) with the background metric H0
for some ε ∈ (0, 1]. Substituting
KH = KH0 +
√−1Λω
(
∂(f−1 ◦ ∂H0f) + [φ, φ∗H − φ∗H0 ]
)
into (1.1), we obtain
Lε(f) = KH0 − λIdE +
√−1Λω
(
∂(f−1 ◦ ∂H0f) + [φ, φ∗H − φ∗H0 ]
)
+ ε log f = 0.(2.1)
Furthermore, by an appropriate conformal change, we can assume that H0 satisfies
tr(KH0 − λIdE) = 0.
In fact, let H0 = e
ϕH ′0, where H
′
0 is an arbitrary metric and ϕ is a smooth function satisfying
(2.2)
√−1Λω∂∂(ϕ) = −1
r
tr(KH′0 − λ · IdE).
Since
∫
X
tr(KH′0 − λIdE)ωn = 0, equation (2.2) is solvable.
For simplicity, we set Φ(H,φ) = KH −λ · IdE . It is easily to check that Φ(H,φ)∗H = Φ(H,φ).
The following two lemmas are proved by Teleman and Lu¨bke in [24]. Here we present the proofs
just for readers’ convenience.
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Lemma 2.1. Fix a background Hermitian metric H0 satisfying trΦ(H0, φ) = 0. Then for any
f ∈ Herm+(E,H0) such that Lε(f) = 0, it holds
P (tr log f) + εtr log f = 0,
where P is denoted by P =
√−1Λω∂∂. Furthermore, we have det f = 1.
Proof. By ∂ log det f = Tr(f−1∂f) and log det f = tr log f, we have
Tr
√−1 ∧ω
(
∂(f−1∂H0f)
)
=
√−1 ∧ω ∂Tr(f−1∂f)
=
√−1 ∧ω ∂∂ log det f
=
√−1 ∧ω ∂∂tr log f.
(2.3)
Then combining (2.3) with Tr
√−1 ∧ω [φ, f−1φ∗H0f − φH0 ] = 0, we conclude that
0 =trLε(f)
=trΦ(H0, φ) + tr
√−1 ∧ω
(
∂(f−1∂H0f)
)
+ εtr log f
=P (tr log f) + εtr log f.
Furthermore, by the maximum principle, we have tr log f = 0 and det f = 1. 
Lemma 2.2. If f ∈ Herm+(E,H0) satisfies Lε(f) = 0 for some ε > 0, then there holds that
(i) 1
2
P
(| log f |2H0)+ ε | log f |2H0≤| Φ(H0, φ) |H0 | log f |H0 ;
(ii) m = maxX | log f |H0≤ 1ε ·maxX | Φ(H0, φ) |H0 ;
(iii) m ≤ C · (‖ log f ‖L2 +maxX | Φ(H0, φ) |H0), where C only depends on g and X.
Proof. (i) Taking the point-wise inner product with log f respect to H0 of both sides of (2.1),
we have
〈√−1Λω∂(f−1 ◦ ∂H0f), log f〉H0 + 〈
√−1Λω[φ, φ∗H − φ∗H0 ], log f〉H0
+ ε | log f |2H0= −〈Φ(H0, φ), log f〉H0 .
(2.4)
Set A = 〈√−1Λω∂(f−1 ◦ ∂H0f), log f〉H0 and B = 〈
√−1Λω[φ, φ∗H − φ∗H0 ], log f〉H0 . From the
result in [24, p. 74], we have
P (| log f |2H0) ≤ 2A.(2.5)
Now we estimate B. Let H(t) = H0e
ts, t ∈ [0, 1] be a curve in Herm+(E) connecting H0 and
H0f , where s = log f. Set ζ(t) = H0
(√−1Λω [φ, e−tsφ∗H0ets] , s) . The t-derivative of ζ(t) is
d
dt
ζ(t) = 〈√−1Λω
[
φ,−se−tsφ∗H0ets + e−tsφ∗H0etss] , s〉H0 =| [s, e ts2 φe− ts2 ] |2H0≥ 0.
This implies
(2.6) B = ζ(1) ≥ ζ(0) = 0.
By (2.4-2.6), we have
1
2
P (| log f |2H0) + ε | log f |2H0≤ −〈Φ(H0, φ), log f〉H0 ≤| Φ(H0, φ) |H0 | log f |H0 .
(ii) Assuming | log f |2H0 attains its maximum at p ∈ X, we have
0 ≤ 1
2
P (| log f |2)(p) ≤ (| Φ(H0, φ) |H0 (p)− ε | log f |H0 (p)) | log f |H0 (p).
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Then it follows that
max
X
| log f |H0=| log f |H0 (p) ≤
1
ε
| Φ(H0, φ) |H0 (p) ≤
1
ε
max
X
| Φ(H0, φ) |H0 .
(iii) From (i), we get
P (| log f |2H0) ≤| Φ(H0, φ) |2H0 + | log f |2H0≤ maxX | Φ(H0, φ) |
2
H0
+ | log f |2H0 .
Then by Moser’s iteration, there exist a constant C > 0 depending on g and X such that
m ≤ C · (‖ log f ‖L2 +max
X
| Φ(H0, φ) |H0).

3. Proof of Theorem 1.1
Before we give the detailed proof, we recall some notation. Given η ∈ Herm(E,H), from
[24, p. 237], we can choose an open dense subset W ⊆ X satisfying at each x ∈ W there
exist an open neighbourhood U of x, a local unitary basis {ea}ra=1 respect to H and functions
{λa ∈ C∞(U,R)}ra=1 such that
η(y) =
r∑
a=1
λa(y) · ea(y)⊗ ea(y)
for all y ∈ U , where {ea}ra=1 denotes the dual basis of E∗. Let ϕ ∈ C∞(R,R), Ψ ∈ C∞(R×R,R)
and A =
∑r
a,b=1A
b
ae
a ⊗ eb ∈ End(E). We denote ϕ(η) and Ψ(η)(A) by
(3.1) ϕ(η)(y) =
r∑
a=1
ϕ(λa)ea ⊗ ea
and
(3.2) Ψ(η)(A)(y) = Ψ(λa, λb)A
b
ae
a ⊗ ea.
Proposition 3.1. If f ∈ Herm+(E,H0) solves (2.1) for some ε, then there holds
(3.3)
∫
X
tr(Φ(H0, φ)s)
ωn
n!
+
∫
X
〈Ψ(s)(D′′s),D′′s〉H0
ωn
n!
= −ε ‖ s ‖2L2 ,
where s = log f , D′′ = ∂E + φ and
Ψ(x, y) =
{
ey−x−1
y−x
, x 6= y;
1, x = y.
Proof. First, (2.1) gives∫
X
tr(Φ(H0, φ)s)
ωn
n!
+
∫
X
〈√−1Λω∂(f−1∂H0f), s〉H0
ωn
n!
+
∫
X
〈√−1Λω[φ, φ∗H − φ∗H0 ], s〉H0
ωn
n!
+ ε ‖ s ‖2L2= 0,
(3.4)
where H = H0f. Then comparing (3.4) with (3.3), it is sufficient to show
(3.5)
∫
X
〈√−1Λω∂(f−1∂H0f) + [φ, φ∗H − φ∗H0 ], s〉H0
ωn
n!
=
∫
X
〈Ψ(s)(D′′s),D′′s〉H0
ωn
n!
.
We will divide the proof of (3.5) into the following two steps.
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Step 1 We show that
(3.6)
∫
X
〈√−1Λω∂(f−1∂H0f) + [φ, φ∗H − φ∗H0 ], s〉H0
ωn
n!
=
∫
X
Tr
√−1Λω{f−1D′f ∧ D′′s}ω
n
n!
,
where D′ = ∂H0 + φ∗H0 .
By using Stokes formula, we have∫
X
〈√−1Λω∂(f−1∂H0f), s〉H0
ωn
n!
=
∫
X
∂
(
Tr{√−1f−1(∂H0f)s}
ωn−1
(n− 1)!
)
+
∫
X
Tr{√−1f−1∂H0f∂s}
ωn−1
(n− 1)!
+
∫
X
Tr{√−1f−1(∂H0f)s}∂
ωn−1
(n− 1)!
=
∫
X
Tr{√−1f−1∂H0f∂s}
ωn−1
(n− 1)! +
∫
X
Tr{√−1f−1(∂H0f)s}∂
ωn−1
(n− 1)! .
(3.7)
Since sf = fs, it follows that
Tr
(
f−1(∂H0f)s
)
=Tr
(
f−1(∂H0
+∞∑
k=1
sk
k!
)s
)
= Tr

f−1 +∞∑
k=1
k−1∑
j=0
sj(∂H0s)s
k−1−j
k!
s


=Tr

f−1 +∞∑
k=1
k−1∑
j=0
sk∂H0s
k!

 = Tr
(
f−1
+∞∑
k=1
sk∂H0s
(k − 1)!
)
=Tr
(
f−1
+∞∑
k=1
sk−1
(k − 1)!s∂H0s
)
= Tr(s∂H0s).
(3.8)
(3.8) together with ∂∂ωn−1 = 0 gives∫
X
Tr(
√−1f−1(∂H0f)s)∂
ωn−1
(n − 1)! =
∫
X
1
2
∂Tr(
√−1s2)∂ ω
n−1
(n− 1)! = 0.(3.9)
From (3.7) and (3.9), we have
(3.10)
∫
X
〈√−1Λω∂(f−1∂H0f), s〉H0
ωn
n!
=
∫
X
Tr{√−1f−1∂H0f∂s}
ωn−1
(n− 1)! .
Then noticing that tr(AB) = (−1)pqtr(BA), where A is an End(E) valued p-form and B is an
End(E) valued q-form, there holds∫
X
Tr{√−1Λω
[
φ, f−1φ∗H0f − φ∗H0] s}ωn
n!
=
∫
X
√−1Tr{φf−1φ∗H0fs+ f−1φ∗H0fφs− (φφ∗H0s+ φ∗H0φs)} ω
n−1
(n − 1)!
=
∫
X
√−1Tr{−f−1φ∗H0fsφ+ f−1φ∗H0fφs+ φ∗H0sφ− φ∗H0φs} ω
n−1
(n− 1)!
=
∫
X
√−1Tr{f−1[φ∗H0 , f ][φ, s]} ω
n−1
(n − 1)! .
(3.11)
Therefore, we complete Step 1 by substituting (3.10) and (3.11) into the left hand side of (3.6).
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Step 2 We show that
(3.12) Tr
√−1Λω{f−1D′f ∧ D′′s} = 〈Ψ(s)(D′′s),D′′s〉H0
holds on X.
From [24, p. 237-238], there exists an open dense subset W ⊆ X such that at each x ∈ W ,
one has
D′f(x) = eλa∂λaea ⊗ ea + (eλb − eλa)(Aab + φba)ea ⊗ eb
and
D′′s(x) = ∂λaea ⊗ ea + (λb − λa)
(
−Aba + φab
)
ea ⊗ eb,
where {ea}ra=1 is a local unitary basis of E respect to H0 and the (1, 0)-forms Aba are defined by
∂H0ea = A
b
aeb.
It follows that at each x ∈W ,
Tr
√−1Λω{f−1D′f ∧D′′s}
=
r∑
a=1
| ∂λa |2 +
∑
a6=b
(eλb−λa − 1)(λa − λb)
√−1Λω(Aab + φba) ∧ (−Aab + φba)
=
r∑
a=1
| ∂λa |2 +
∑
a6=b
eλb−λa − 1
λb − λa (λb − λa)
2 | −Aab + φba |2
=
∑
a,b
Ψ(λa, λb) | (D′′s)ba |2 .
We now turn to calculating the right hand side of (3.12). By the construction (3.2), we have
Ψ(s)(D′′s) =∂λaea ⊗ ea +Ψ(λa, λb)(λa − λb)(−Aab + φba)eb ⊗ ea
=
r∑
a=1
∂λaea ⊗ ea +
∑
a6=b
eλb−λa − 1
λb − λa (λa − λb)(−A
a
b + φ
b
a)eb ⊗ ea
Then at each x ∈W there holds
〈Ψ(s)(D′′s),D′′s〉H0 =
r∑
a=1
| ∂λa |2 +
∑
a6=b
(eλb−λa − 1)(λb − λa) | −Aab + φba |2
=
∑
a,b
Ψ(λa, λb) | (D′′s)ba |2
=Tr
√−1Λω{f−1D′f ∧D′′s}.
This forces
(3.13) 〈Ψ(s)(D′′s),D′′s〉H0 = Tr
√−1Λω{f−1D′f ∧ D′′s}
holds on X. So, combining (3.6) with (3.13) we have (3.5). 
Then, we prove the “only if ” part of Theorem 1.1. In fact, we prove the following theorem
Theorem 3.2. If Higgs bundle (E, ∂E , φ) is ω-semi-stable, then max
X
| Φ(Hε, φ) |Hε→ 0 as
ε→ 0.
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Proof. Let {fε}0<ε≤1 be the solutions of equation (2.1) with background metric H0. Then there
holds that
‖ log fε ‖2L2= −
1
ε
∫
X
〈Φ(Hε, φ), log f〉Hε
ωn
n!
.
Case 1, ∃C1 > 0 such that ‖ log fε ‖L2< C1 < +∞. From Lemma 2.2, we have
max
X
| Φ(Hε, φ) |Hε= ε ·max
X
| log fε |Hε< εC · (C1 +max
X
| Φ(H0, φ) |H0).
Then it follows that max
X
| Φ(Hε, φ) |Hε→ 0 as ε→ 0.
Case 2, lim
ε→0
‖ log fε ‖L2→∞.
Claim If (E, ∂E, φ) is semi-stable, there holds
(3.14) lim
ε→0
max
X
| Φ(Hε, φ) |Hε= lim
ε→0
εmax
X
| log fε |Hε= 0.
We will follow Simpson’s argument ([27, Proposition 5.3]) to show that if the claim does not
hold, there exists a Higgs subsheaf contradicting the semi-stability.
If the claim does not hold, then there exist δ > 0 and a subsequence εi → 0, i → +∞, such
that
‖ log fεi ‖L2→ +∞
and
(3.15) max
X
| Φ(Hεi , φ) |Hεi= εimaxX | log fεi |Hεi≥ δ.
Setting sεi = log fεi, li =‖ sεi ‖L2 and uεi = sεi/li, it follows that truεi = 0 and ‖ uεi ‖L2= 1.
Then combining (3.15) with Lemma 2.2 (iii), we have
(3.16) li ≥ δ
Cεi
−max
X
| Φ(H0, φ) |H0 .
and
(3.17) max
X
| uεi |<
C
li
(li +max
X
| Φ(H0, φ) |) < C2 < +∞.
Step 1 We show that ‖ uεi ‖L21 are uniformly bounded. Since ‖ uεi ‖L2= 1, we only need to
prove ‖ D′′uεi ‖L2 are uniformly bounded.
By (1.1) and Proposition 3.1, for each fεi , there holds
(3.18)
∫
X
Tr{Φ(H0, φ)uεi}
ωn
n!
+ li
∫
X
〈Ψ(liuεi)(D′′uεi),D′′uεi〉H0
ωn
n!
= −εili
Substituting (3.16) into (3.18), we have
(3.19) C∗ +
∫
X
Tr{Φ(H0, φ)uεi}+ 〈liΨ(liuεi)(D′′uεi),D′′uεi〉H0
ωn
n!
≤ εimax
X
| Φ(H0, φ) |H0 ,
where C∗ = δ
C
.
Consider the function
(3.20) lΨ(lx, ly) =
{
l, x = y;
el(y−x)−1
y−x
, x 6= y.
From (3.17), we may assume that (x, y) ∈ [−C2, C2]× [−C2, C2]. It is easy to check that
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(3.21) lΨ(lx, ly) −→
{
(x− y)−1, x > y;
+∞, x ≤ y,
increases monotonically as l → +∞. Let ζ ∈ C∞(R × R,R+) satisfying ζ(x, y) < (x − y)−1
whenever x > y. From (3.19), (3.21) and the arguments in Lemma 5.4([27]), we have
(3.22) C∗ +
∫
X
tr{uεiΦ(H0, φ)} + 〈ζ(uεi)D′′uεi ,D′′uεi〉H0
ωn
n!
≤ εimax
X
| Φ(H0, φ) |H0 ,
when i ≫ 0. Particularly, we take ζ(x, y) = 1
2C2
. It is obvious that when (x, y) ∈ [−C2, C2] ×
[−C2, C2] and x > y, 13C2 < 1x−y . This implies that
C∗ +
∫
X
tr{uεiΦ(H0, φ)} +
1
3C2
| D′′uεi |2H0
ωn
n!
≤ εimax
X
| Φ(H0, φ) |H0 ,
when i≫ 0. Then we have∫
X
| D′′uεi |2H0
ωn
n!
≤ 3C2max
X
| Φ(H0, φ) |H0 (Vol(X)
1
2 + 1).
Thus, uεi are bounded in L
2
1. We can choose subsequence {uεij } such that uεij ⇀ u∞ weakly in
L21. We still write it {uεi}∞i=1 for simplicity. Noting that L21 →֒ L2, we have
1 =
∫
X
| uεi |2H0→
∫
X
| u∞ |2H0 .
This indicates that ‖ u∞ ‖L2= 1 and u∞ is nontrivial.
So by (3.22) and the same discussion in Lemma 5.4 ([27]), there holds
(3.23) C∗ +
∫
X
tr{u∞Φ(H0, φ)}+ 〈ζ(u∞)D′′u∞,D′′u∞〉H0
ωn
n!
≤ 0.
Step 2 By using Uhlenbeck and Yau’s trick in [28] to construct a Higgs sub-sheaf which
contradicts the semi-stability of E.
From (3.23) and the technique in Lemma 5.5 in ([27]), we have the eigenvalues of u∞ are
constant almost everywhere. Let µ1 < µ2 < · · · µl be the distinct eigenvalues of u∞. The facts
that tr(u∞) = tr(uεi) = 0 and ‖ u∞ ‖L2= 1 force 2 ≤ l ≤ r. For each µα (1 ≤ α ≤ l − 1), we
construct a function Pα : R −→ R such that
Pα =
{
1, x ≤ µα
0, x ≥ µα+1.
Setting πα = Pα(u∞), from [27, p. 887], we have
(i) πα ∈ L21;
(ii) π2α = πα = π
∗H0
α ;
(iii) (Id− πα)∂πα = 0;
(iv) (Id− πα)[φ, πα] = 0.
By Uhlenbeck and Yau’s regularity statement of L21-subbundle ([28]), {πα}l−1α=1 determine l−1
Higgs sub-sheaves of E. Set Eα = πα(E). Since tru∞ = 0 and u∞ = µlId−
∑l−1
α=1(µα+1−µα)πα,
there holds
µlrankE =
l−1∑
α=1
(µα+1 − µα)rankEα,(3.24)
10 YANCI NIE AND XI ZHANG
Construct
ν = µl deg(E)−
l−1∑
α=1
(µα+1 − µα) deg(Eα).
From one hand, substituting (3.24) into ν,
(3.25) ν =
l−1∑
α=1
(µα+1 − µα)rankEα
(
deg(E)
rankE
− deg(Eα)
rankEα
)
From the other hand, substituting the Chern-Weil formula (Prop. 2.3 in [6])
deg(Eα) =
∫
X
Tr(παKH0)− | D
′′
πα |2 ω
n
n!
into ν,
ν =µl
∫
X
Tr(KH0)−
l−1∑
α=1
(µα+1 − µα)
{∫
X
Tr(παKH0)−
∫
X
| D′′πα |2H0
}
=
∫
X
Tr
(
(µlId−
l−1∑
α=1
(µα+1 − µα)πα
)
KH0 +
l−1∑
α=1
(µα+1 − µα)
∫
X
| D′′πα |2
=
∫
X
Tr(u∞KH0) + 〈
l−1∑
α=1
(µα+1 − µα)(dPα)2(u∞)(D′′u∞),D′′u∞〉H0 ,
where the function dPα : R×R −→ R is defined by
dPα(x, y) =


Pα(x)− Pα(y)
x− y , x 6= y;
P ′α(x), x = y.
From simple calculation, we have if µβ 6= µγ
(3.26)
l−1∑
α=1
(µα+1 − µα)(dPα)2(µβ, µγ) =| µβ − µγ |−1 .
Since tru∞ = 0, so by (3.23) and the same arguments in [22, p. 793-794] there holds
(3.27) ν =
∫
X
Tr(u∞Φ(H0, φ)) + 〈
l−1∑
α=1
(µα+1 − µα)(dPα)2(u∞)(D′′u∞),D′′u∞〉H0 < −C∗.
Combining (3.25) with (3.27), we have
l−1∑
α=1
(µα+1 − µα)rankEα
(
deg(E)
rankE
− deg(Eα)
rankEα
)
< 0.
This indicates there must exist a term (µ(E)−µ(Eα0)) < 0, which contradicts the semi-stability
of E. 
Finally, we prove the “if ” part of the Theorem 1.1.
Theorem 3.3. Let (X,ω) be an n-dimensional compact Gauduchon manifold and (E, ∂E, φ) be
a Higgs bundle over X. If (E, ∂E, φ) admits an approximate Hermitian-Einstein manifold, then
(E, ∂E, φ) is ω-semi-stable.
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Firstly, following the techniques of Kobayahsi [17] and Bruzzo-Gran˜a Otero’s [7], we prove a
Higgs version vanishing theorem.
Proposition 3.4. Let (X,ω) be an n-dimensional Hermitian manifold with Gauduchon metric
ω and (E, ∂E, φ) be a Higgs bundle over X. Assume that E admits an approximate Hermitian
Einstein structure. If degE < 0 , then E has no nonzero φ-invariant sections of E.
Proof. Let H be a Hermitian metric over E and s be a φ-invariant holomorphic section of E.
From simple calculation, one has
H(s,
√−1Λω[φ, φ∗H ]s) ≥ 0.
Then we have the Weitzenbo¨ck formula√−1Λω∂∂H(s, s) = | ∂Hs |2 +H(s,−
√−1Λω∂∂Hs)
= | ∂Hs |2 +H(s,−KH(s)) +H(s,
√−1Λω[φ, φ∗H ]s)
≥H(s,−KH(s)).
(3.28)
Since (E, ∂E, φ) admits an approximate Hermitian-Einstein structure, it holds that for ∀ξ > 0,
there exists a metric Hξ such that
sup
X
| KHξ − λId |< ξ,
where λ =
2π deg(E)
Vol(X)rank(E)
< 0. Taking ξ = −λ
2
, there exists a Hermitian metric H−λ
2
such that
(3.29)
3λ
2
· Id < KH−λ
2
<
λ
2
· Id.
Combining (3.28) with (3.29), we have
(3.30) − λ
2
| s |2≤ √−1Λω∂∂H−λ
2
(s, s).
Integrating both sides of (3.30) over X and using ∂∂ωn−1 = 0, there holds
0 ≤
∫
X
| s |2H−λ
2
ωn
n!
≤
∫
X
√−1Λω∂∂H−λ
2
(s, s) = −
∫
X
< s, s >H−λ
2
∂∂
ωn−1
(n− 1)! = 0.
This forces s = 0. 
Proof of Theorem 3.3 Let F be any saturated Higgs sub-sheaf with rank p. Construct a
Higgs bundle
G = (G,ϑ) = (∧pE ⊗ detF−1, ϑ),
where ϑ is the induced Higgs field. By using the technique in [17, p. 119], one can check that G
admits an approximate Hermitian-Einstein structure with the constant
(3.31) λ(G) = 2pπ
Vol(X)
(µ(E)− µ(F)).
The canonical morphism detF →֒ ∧pE induced by the inclusion map i : F →֒ E can be
seen as a non-trivial ϑ-invariant section of G. Then from Proposition 3.4, we have λ(G) =
2π deg(G)
Vol(X)rank(G)
≥ 0. This together with (3.31) indicates µ(F) ≤ µ(E), i.e. (E, ∂E, φ) is semi-
stable. 
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